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Synchrotron emission from the depths of pulsar
magnetospheres
Z. Osmanov1 • Z. Yoshida2 • V.I. Berezhiani3
Abstract In this paper we study the generation of high
energy emission from normal pulsars. For this purpose
we consider the particles accelerated in the outer mag-
netosphere sliding along the closed magnetic field lines.
It has been shown that in due course of motion the
initial small pitch angle increases and at a certain dis-
tance from the neutron star the synchrotron emission
becomes significant. We found that a region covered
from 150 to 500 stellar radii the emission pattern is
characterised by energies in the interval (0.1−10) MeV.
Keywords Pulsars, Synchrotron emission, High en-
ergy emission
1 Introduction
One of the fundamental problems of modern pulsar as-
trophysics is the generation of electromagnetic waves in
the high energy domain. It is believed that pulsar’s ra-
diation is produced mainly by means of the synchrotron
mechanism (Pacini 1971; Shklovsky 1970) and the in-
verse Compton scattering (Blandford et al. 1990). On
the other hand, one can straightforwardly show that
typical timescales of synchrotron emission is so small
compared to the escape timescale (which is of the order
of rotation period of a pulsar) that almost from the very
beginning of motion the particles go to the ground Lan-
dau state and after that slide along the magnetic field
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lines. This means that the overall dynamics of particles
is described by a one-dimensional picture.
It is observationally evident that some pulsars ex-
hibit efficient radiation in the X-ray band (JaeSub et al.
2017; McGowan et al. 2007) and some of them usually
belong to binary systems (Coe et al. 2011; Sturm et al.
2011). It is clear that generation of radiation re-
quires efficient acceleration of particles. In general
it is thought that particles might accelerate from a
nearby region of the polar caps (polar cap acceleration)
(Nobuyuki & Shinpei 2003; Harding & Muslimov 1998;
Cheng & Ruderman 1980) as well as from the outer
magnetosphere, by means of the so called outer gap
mechanism (Hirotani 2015; Takata et al. 2008) or cen-
trifugal acceleration (Osmanov & Rieger 2019, 2017,
2009).
Already accelerated particles might generate electro-
magnetic radiation via several mechanisms: the syn-
chrotron process, the inverse Compton scattering and
the curvature radiation. In the magnetospheres of pul-
sars the synchrotron radiation power is so efficient that
if the pitch angles are not very small the particles very
soon transit to the ground Landau state and slide al-
most along the magnetic field lines, making dynamics
almost one-dimensional. If the particles follow the so-
called open field lines, the magnetic field decreases and
the synchrotron process is strongly suppressed. Un-
like the mentioned scenario, the particles which stay
on closed field lines might turn back to the star’s sur-
face, potentially leading to a very interesting result.
Due to the conservation of the adiabatic invariant,
I = 3cp2⊥/2eB, where c is the speed of light, p⊥ is
the transversal momentum of electron, e is its charge
and B is the magnetic field induction, the value of p⊥
(Landau & Lifshitz 1971) must inevitably increase if
the particle slides along the field line and penetrates
the region with strong magnetic field. On the other
hand, the synchrotron emission is strongly dependent
2on the transversal component of momentum and as a
result the corresponding emission mechanism will be
revived inside the magnetosphere.
If the particles are in frozen-in condition, they co-
rotate with the field lines and consequently the force
responsible for co-rotation is significant. On the other
hand, the force responsible for radiation will be impor-
tant if it exceeds the co-rotation force.
The paper is organised in the following way: in Sec.
2, we develop the model, and in Sec. 3 we summarise
our results for typical parameters of pulsars.
2 Main approach
By assuming that the particles are in frozen-in con-
dition, they follow the magnetic field lines and thus
dynamics of particles is described by a bead on the
wire approximation. In the framework of the paper
we consider the dipolar field lines when the vector
of angular velocity of rotation, ~ω, and the dipolar
magnetic momentum are perpendicular (see Fig. 1).
Then, if one combines the prescribed dipolar channels,
φ = ϕ(r) +ωt, with the Minkowskian metric defined in
the polar coordinates
ds2 = −c2dt2 + dℓ2 + ℓ2dφ2 + dz2, (1)
after some boring but straightforward algebra one ob-
tains the metric on the co-rotating trajectories
ds2 = g00(dx
0)2 + 2g01dx
0dx1 + g11(dx
1)2, (2)
gαβ =

−1 +
ω2r2
c2 m(r)
ωr2ϕ′(r) sin δ
c
ωr2ϕ′(r) sin δ
c g
2(r) + k2(r) + r2h2(r)m(r)


(3)
where
β = {0, 1}
m(r) = 1− r
L
cos2 δ
g(r) =
1− 3r2L cos2 δ√
1− rL cos2 δ
k(r) =
3
2
√
r
L
cos δ
h(r) =
ϕ′(r) sin δ
1− rL cos2 δ
ϕ(r) describes a shape of the dipolar magnetic field
line in the proper plane (r = L sin2 θ), L is the cor-
responding lengthscale, δ is the inclination angle of a
particular field line’s plane with resect to ~ω and x0 = ct,
x1 = r.
As we have already mentioned we consider accelera-
tion of particles close to the light cylinder (LC) surface
(a hypothetical area where the linear velocity of rota-
tion equals the speed of light). On the other hand,
different planes of field lines, corresponding to differ-
ent values of δ intersect the LC with different distances
from the pulsar. It is clear that higher Lorentz fac-
tors will correspond to stronger magnetic fields, which
is the case with δ = π/2. For this reason we consider
this particular case and make the relevant calculations.
By setting δ = π/2 the polar radial coordinate, ℓ,
coincides with the proper radial coordinate of a partic-
ular field line, r, and consequently the aforementioned
metric tensor reduces to
gαβ =

−1 +
ω2r2
c2
ωr2ϕ′(r)
c
ωr2ϕ′(r)
c 1 + r
2(ϕ′(r))2

 (4)
For this case the Lagrangian
L = −mc2
(
−g00 − 2g01 υ
c
− g11 υ
2
c2
)1/2
(5)
does not depend on time explicitly, therefore, the
Hamiltonian
H = υ∂L
∂υ
− L = γmc2
(
−g00 − g01 υ
c
)
= E (6)
is a constant of motion and consequently the Lorentz
factor behaves as (Osmanov & Rieger 2017)
γ = γ0
1− ωr20Ω0/c2
1− ωr2Ω/c2 , (7)
where υ = dr/dt is the radial velocity, Ω = ω+ϕ′(r)υ is
the effective angular velocity of rotation and γ0, r0 and
Ω0 are the initial values of the Lorentz factor, the ra-
dial coordinate and effective angular velocity of rotation
respectively. From Eq. (6) one can straightforwardly
show that the radial velocity behaves with r as follows
(Arsenadze & Osmanov 2017)
v = c
√
g11 + E2
g212 + E
2g22
×
3×
(
−g12
√
g11 + E2 ± E
√
g212 − g11g22
)
. (8)
Components of the effective force acting on the particle
responsible for co-rotation is expressed as (Rogava et al.
2003)
Fr =
d
dt
(γmυ)− γmΩ2r, (9)
Fϕ =
d
dt
(γmΩr) + γmΩυ, (10)
where γ =
(
−g00 − 2g01 υc − g11 υ
2
c2
)−1/2
is the rela-
tivistic factor of the particle and the time dependence
is governed by the value of the radial acceleration
(Rogava et al. 2003)
dυ
dt
=
rωΩ− γ2rυ (ϕ′ + ωυ/c2) (Ω + rϕ′′υ)
γ2 (1− ω2r2/c2 + r2(ϕ′)2) . (11)
Apart from the aforementioned force the charged
particles also undergo the force providing the conser-
vation of the adiabatic invariant
G⊥ = − c
ρ
p⊥, (12)
G‖ = γmc
2 p
2
⊥
p2‖
, (13)
where p⊥ and p‖ are respectively the transversal and
longitudinal components of momentum and ρ repre-
sents the curvature radius of the field lines. This
force contributes in a very important process of mainte-
nance of synchrotron emission despite the efficient en-
ergy losses. In particular, by means of the so called
cyclotron instability the quasi linear diffusion leads to
the following kinetic equation (Chkheidze et al. 2011)
∂f
∂t
+
1
p⊥
∂
∂p⊥
(p⊥G⊥f) =
1
p⊥
∂
∂p⊥
(
p⊥D⊥,⊥
∂f
∂p⊥
)
,
(14)
where
D⊥,⊥ ≈ e
2mc2nγ
16ωB
, (15)
is the corresponding diffusion coefficient, n is the rel-
ativistic particles’ number density and ωB is the cy-
clotron frequency.
By considering the quasi stationary case ∂/∂t = 0,
one can straightforwardly obtain
f(p⊥) = C exp
(∫
G⊥
D⊥,⊥
dp⊥
)
= Ce
−
(
p
⊥
p
⊥,0
)
2
, (16)
where
p⊥,0 =
√
2ρD⊥,⊥
c
. (17)
After averaging the value of p⊥ one derives an expres-
sion for the residual pitch angle, ψ0 = p⊥,av/(γmc),
ψ0 =
1√
π
p⊥,0
γmc
. (18)
Therefore, if the particles are accelerated close to the
LC, the perpendicular momentum rapidly almost com-
pletely vanishes and a residual pitch angle defined by
Eq. (18) plays a role of the initial pitch angle. Usu-
ally these values are very small and consequently the
synchrotron mechanism is strongly suppressed.
According to the standard approach, the particles
accelerated on the open field lines, leave the magneto-
sphere and contribute in emission processes generated
on the LC scales and beyond. On the other hand, there
is a certain fraction of relativistic particles moving along
the closed magnetic field lines. They sooner or later
will reach the inner areas of pulsar’s magnetosphere
and as a result, by means of the adiabatic invariant,
the corresponding transversal component (pitch angle)
will inevitably increase turning the synchrotron process
back into the game. This in turn means that the syn-
chrotron radiation reaction force having the following
components (Landau & Lifshitz 1971)
H⊥ = −α p⊥
p‖
(
1 +
p2⊥
m2c2
)
, (19)
H‖ = −α
p2⊥
m2c2
(20)
with α = 2e2ω2B/(3c
2) will become significant.
The major difference from the standard emission
mechanisms is that we consider the trapped particles,
accelerating in the outer gap region, but which are going
back towards the neutron star’s surface emitting from
higher and higher magnetic field regions. The analy-
sis of the aforementioned forces might reveal an area
in the pulsar’s magnetosphere, where the synchrotron
mechanism will be efficient. This particular problem we
consider in the following section.
3 Discusion
Here we examine normal pulsars with typical periods of
rotation P ≃ 1sec, for which the magnetic field and the
4Fig. 1 Here we schematically show the pulsar’s magneto-
sphere. The arrow indicates a direction of the vector of the
angular velocity of rotation which is perpendicular to the
magnetic dipole momentum.
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Fig. 2 Here we plot the forces, F (black), G (blue) and
H (red) versus distance from the star’s centre (normalised
by the star’s radius). The set of parameters is P = 1sec,
P˙ = 10−15ss−1, L = 0.9Rlc, Rst = 10
6cm, ρ ≃ L, r0 ≃ L
and γ0 = 10
6.
particle number density (the Goldreich-Julian density)
are respectively given by
B ≃ 1012×
(
P
1s
× P˙
10−15erg/s
)1/2
×
(
Rst
r
)3
G, (21)
and
nGJ =
ωB
2πec
1
1− ω2r2c2
. (22)
where P˙ ≡ dP/dt, Rst ≃ 10km represents the neutron
star’s radius.
In this paper we consider the dipolar configuration
of the field lines in polar coordinates r = L sinϕ, where
L is the scale parameter. In the framework of the
approach we assume that particles are accelerated in
the outer gap zone (Hirotani 2015; Takata et al. 2008),
where usually the Lorentz factors are of the order of
γ = 106−7. In general it is believed that the men-
tioned area is very close to the LC, therefore the choice
L = 0.9Rlc (Rlc = c/Ω is the light cylinder radius)
might be considered as to be a reasonable parameter.
On the other hand, we are interested in particles,
following the field lines. The frozen-in condition works
if the plasma energy density is small compared to the
magnetic field energy density
γmc2nGJ ≤ B
2
8π
, (23)
leading to the following Lorentz factor
γ ≤ eB
4ωmc
(
1− ω
2r2
c2
)
. (24)
By combining this expression with Eq. (21), one can
show that the highest value of the initial Lorentz factor
still providing the frozen-in condition is of the order of
2× 106.
As a first example we consider γ0 = 10
6, which gives
the initial residual pitch angle of the order of 8× 10−4.
One can straightforwardly check that the force respon-
sible for co-rotation exceeds all other forces, therefore,
on the initial stage synchrotron emission is negligible.
The electrons, sliding along the field lines, will move
toward the star’s surface, entering the higher magnetic
field regions. As a result, by means of the adiabatic
invariant the perpendicular momentum will increase
p⊥ =
p⊥,0√
π
(r0
r
)3/2
, (25)
leading to the increase of the value of G (see Eqs.
(12,13)). It is worth noting that if initially the plasma
5particles are frozen in strong magnetic fields this condi-
tion will be maintained in the whole course of motion.
Indeed, when particles move along the field lines back
to the neutron star’s surface, by means of the centrifu-
gal force it will decelerate, leading to the decrease of the
Lorentz factor. On the other hand, the regions closer
to the star have stronger magnetic fields. Therefore,
if initially the particles follow the field lines, they will
always stay on them.
In Fig. 2 we show the behavioour of the aforemen-
tioned forces, F =
√
F 2r + F
2
ϕ (black), G =
√
G2⊥ +G
2
‖
(blue) and H =
√
H2⊥ +H
2
‖ (red) versus the distance
from the pulsar’s centre. The distance is normalised
by the neutron star’s radius. The set of parameters is
P = 1sec, P˙ = 10−15ss−1, L = 0.9Rlc, Rst = 10
6cm,
ρ ≃ L, r0 ≃ L and γ0 = 106. As it is clear from the
plots, on the distance of the order of 500Rst the force re-
sponsible for the adiabatic invariant, G, becomes com-
parable to F and consequently the synchrotron emission
becomes important from this area. On the distance of
the order of 150Rst the synchrotron emission becomes
most efficient because as it is evident from the figure
the radiation reaction force becomes of the same order
of magnitude as the force responsible for co-rotation.
The corresponding gamma ray energy of synchrotron
emission is given by (Rybicki & Lightman 2007)
ǫ =
3γ2eB
4hπmc
sinψ, (26)
where h is the Plank’c constant and the pitch angle
behaves with distance as (see Eq. (25))
ψ = ψ0
(r0
r
)3/2
, (27)
In Fig 3 we show the behaviour of synchrotron fre-
quency vs distance (normalised by the neutron star’s
radius). The set of parameters is the same as in Fig. 1.
As it is clear from the plot, from 150Rst to 500Rst the
synchrotron emission provides energies in the interval
(0.1 − 10)MeV. The energy is a continuously decreas-
ing function of distance, which is a natural result of
Eqs. (26,27). In particular, by increasing the distance
the magnetic field induction as well as the pitch angle
decrease leading to the following behaviour.
It is worth noting that a similar mechanism has been
examined in the context of generation of infrared radi-
ation in the binary system (Machabeli et al. 1987). In
particular, the authors have shown that the cyclotron
instability by means of the quasi-linear difussion can
explain emission of a neutron star’s accretion flow in
the frequency domain ω ≃ 1014Hz.
4 Conclusion
For studying the generation of high energy emission by
means of the synchrotron mechanism we examine par-
ticles already accelerated in the outer magnetosphere.
By means of the so-called quasi linear diffusion it has
been shown that if the particles have Lorentz factors
of the order of 106, the pitch angle becomes very small
8× 10−4.
In due course of motion, as the particles reach the
stars’ surface the pitch angle increases. We have shown
that initially the force responsible for co-rotation is
higher compared to other two forces. At the distance
500Rst the value of G becomes of the order of F , which
means that the pitch angle becomes significant and the
synchrotron emission comes into the game.
By reaching the surface the pitch angles increase
even more and at 150Rst the radiation reaction force
becomes comparable to F , implying that at the men-
tioned location the emission is extremely efficient.
We have found that in the interval 150− 500 stellar
radii the synchrotron emission might provide energies
from 0.1MeV to ∼ 10MeV.
Generally speaking, the considered process might be
significant in millisecond pulsars as well as magnetars
and therefore, a certain extension of the present work
could be done.
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Fig. 3 In this plot we show the dependence of emission
energy on distance (normalised by the neutron star’s radius)
is. The set of parameters is the same as in Fig. 1.
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